arXiv: 1506.03199v3 [quant-ph] 10 Dec 2015 


Quantum Coherence Sets The Quantum Speed Limit For Mixed States 


Debasis Mondial L * 

Quantum Information and Computation Group, 
Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad, India 

Chandan Datta * 1 2 , Sk Sazim 3 

Institute Of Physics, Sachivalaya Marg, Bhubaneswar-751005, Odisha, India 


Abstract 

We cast observable measure of quantum coherence or asymmetry as a resource to control the quantum speed limit 
(QSL) for unitary evolutions. For non-unitary evolutions, QSL depends on that of the state of the system and environ¬ 
ment together. We show that the product of the time bound and the coherence (asymmetry) or the quantum part of the 
uncertainty behaves in a geometric way under partial elimination and classical mixing of states. These relations give 
a new insight to the quantum speed limit. We also show that our bound is experimentally measurable and is tighter 
than various existing bounds in the literature. 
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1. Introduction 


In quantum mechanics, a basic and fundamental goal 
is to know how to influence a system and control its evo¬ 
lution so as to achieve faster and controlled evolution. 
Quantum mechanics imposes a fundamental limit to the 
speed of quantum evolution, conventionally known as 
quantum speed limit (QSL) Cl 12- With the advent 
of quantum information and communication theory, it 
has been established as an important notion for devel¬ 
oping the ultra-speed quantum computer and commu¬ 
nication channel, identification of precision bounds in 
quantum metrology fiii , the formulation of compu¬ 
tational limits of physical systems [6i,7l[§il, the develop¬ 
ment of quantum optimal control algorithms |@|, non¬ 
equilibrium thermodynamics Ec [Tlfl . The first major 
result in this direction was put forwarded by Mandel¬ 
stam and Tamm Cl in 1945 to give a new perspective 
to the energy-time uncertainty relation. For pure orthog¬ 
onal initial and final states evolving under the Hamilto¬ 
nian H, the bound is given by 

h 


Tj_ > 


AH' 


(1) 
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In this paper, we address three basic and fundamental 
questions. There have been rigorous attempts to achieve 
more and more tighter bounds and to generalize them 


for mixed states 
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we are yet to know (i) what is the ultimate limit of quan¬ 
tum speed? (ii) Can we measure this speed of quantum 
evolution in the interferometry by measuring a physi¬ 
cally realizable quantity? Most of the bounds in the 
literature are either not measurable in the interference 
experiments or not tight enough. As a result, cannot be 
effectively used in the experiments on quantum metrol¬ 
ogy, quantum thermodynamics, quantum communica¬ 
tion and specially in Unruh effect detection et cetera, 
where a small fluctuation in a parameter is needed to 
detect. Therefore, a search for the tightest yet experi¬ 
mentally realisable bound is a need of the hour (37!]. 


It will be much more interesting, if one can relate 
various properties of the states or operations, such as 
coherence, asymmetry, dimension and quantum corre¬ 
lations et cetera with QSL. Although, these understand¬ 
ings may help us to control and manipulate the speed 
of communication, apart from the particular cases like 
the Josephson Junction [38] and multipartite scenario 
[39], there has been little advancement in this direction. 
Therefore, the third question we ask: (iii) Can we re- 
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late such quantities with QSL? In this paper, we address 
these fundamental questions and show that quantum co¬ 
herence or asymmetry plays an important role in setting 
the QSL. 

Quantum coherence on the other hand has taken 
the central stage in research, specially in quantum bi¬ 
ol ogy 114(114 lL i42l i43m and quantum thermodynamics 



in the last few years. And in quan¬ 
tum information theory, it is a general consensus or ex¬ 
pectation that it can be projected as a resource of clas¬ 
sically impossible tasks |4 ISEHEl. This has been 
the main motivation to quantify and measure coherence 
5C|[52]- Moreover, it is the main resource in the 


interference phenomenon. Various quantities, such as 
visibility and various phases in the interferometry are 
under scanner and the investigation is on to probe var¬ 
ious quantum pro pert ies or phenomena, such as Unruh 
effect 1541551 . 5a 571, quantum speed limit [58], quan- 
ion 159] u 


turn correlation ]59] u sing such quantities in quantum 
interferometry 1 6oT 61, 62, 63, 64]. A proper study of 
quantum coherence may provide further insight to the 
development of new techniques to probe such quantum 
processes in the interferometry. 

Here, we consider a new notion of Fubini-Study met¬ 
ric for mixed states introduced in [fHSl ■ F° r unitary evo¬ 
lutions, it is nothing but the Wigner-Yanase skew infor¬ 
mation [6(|, which only counts for the quantum part 
of the uncertainty 1521 and a good measure of quan¬ 
tum coherence [50, 67] or asymmetry 1 68 . 69. TJX 7jj> 

as a resource. Using 


which classifies coherence 
this metric, we derive a tighter and experimentally mea¬ 
surable Mandelstam and Tamm kind of QSL for unitary 
evolutions and later generalize for more general evolu¬ 
tions. And thus, set a new role for quantum coherence 
or asymmetry as a resource to control and manipulate 
the evolution speed. 

An important question in the study of quantum speed 
limit may be how it behaves under classical mixing and 
partial elimination of states. This is due to the fact that 
this may help us to properly choose a state or evolution 
operator to control the speed limit. In this paper, we 
tried to address this question. 

In the next section, we introduce the Fubini-Study 
metric for mixed states along a unitary orbit for our con¬ 
venience. 


2. Metric along unitary orbit 

Let Ha denotes the Hilbert space of the system A. 
Suppose that the system A with a state p(0) evolves 
to p(t) under a unitary operator U = e' Ht / h . Even if 
the system is in a mixed state, the purified version of 


the state must evolve gauge invariantly satisfying the 
Schrodinger equation of motion. Therefore, the dis¬ 
tance between the initial and the final state must be 17(1) 
gauge invariant along the parameter t. To derive such a 
distance along the unitary orbit, we consider the purifi¬ 
cation of the state in the extended Hilbert space and de¬ 
fine the Fubini-Study (FS) metric for pure states. We 
know that this is the only gauge invariant metric for 
pure states. We follow the procedure as in [65] to de¬ 
rive a gauge invariant metric for mixed states from this 
FS metric for pure states. If we consider a purifica¬ 
tion of the state p(0) in the extended Hilbert space by 
adding an ancillary system B with Hilbert space Hb as 
|^ab(0)) = (\/ p{Q)Va®Vb)\o) € Ha ®XLb, the state 
at time t, must be I’I'abM) = (-y/p(f)V a ® Vb)|o;} = 
( U A y/pU\V A <8> V B )\a), where |a) = and 

Va, Vb are unitary operators on the subsystems A and 
B respectively. The FS metric for a state | ip) on the 
projective Hilbert space can be defined as 

d$FS — {dlpprojec \ d'ljlproj ec) i (2) 

where \d^ projec ) = #)• This is 

nothing but the angular variation of the perpendicular 
component of the differential form \dijX). The angular 
variation of the perpendicular component of the differ¬ 
ential form for the state |'T, 4 b(Q) in this case is given 
by 

\d^ AB projee (t)) = dt(A p - B p ) |a), (3) 

where A p = [d t ^fp(t)VA ® V B ), B p = 
|T i 4b(Q)(4'4r(Q1 A p . Therefore, the FS metric 
[65] is given by 

dsjrg = (d’T AB projec (t)\d^ AB projec (t)) 

= dt 2 [(a\(AlA p - A\B P - B\A P + 2?tB„)|a>] 

= Tr[(5 tv ^) t (dtyfc)} - |Tr( v ^a iv ^)| 2 , (4) 

where the second term on the last line becomes zero if 
monotonicity condition is imposed |65[|. 

Now, suppose that the state of the system is evolv¬ 
ing unitarily under U = e lHt ^ h and at time /, the state 
p = p(t) = Up(0)U'. We know that square-root of a 
positive density matrix is unique. If we consider p( 0) = 
then P = implies yfp = 

\/XiU\i){i\W = U y/ p(0)U * and uniqueness of the 
positive square-root implies the uniqueness of the rela¬ 
tion. One can show this in an another way by consid¬ 
ering arbitrary non-hermitian square-root w of the final 
state p and using the relation p = ww' = Up(0)W = 
U v / pMv / p(0)£/ t = Uy/^0)V^Vy/p{ Ojl/t, where 
V is arbitrary unitary operator. Thus, one gets the form 
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of these arbitrary non-hermitian square-roots as w = 
Uyj p(0)U^. Due to uniqueness of the positive square- 
root of the positive density matrix, hermiticity condition 
imposes uniqueness on the arbitrary unitary operators 
above as V = U. Thus, we get yfp = U y/ p(0)W, 

which in turn implies = jily/p, H], Using this re¬ 
lation and the Eq. ©, we get (dropping the subscript 
FS ) 

ds 2 = -^[Tr[^p,H] 2 ]=2^-Q(p,H). (5) 

The quantity — [Trf^/p, H] 2 ] = 2Q(p,H) in Eq. © 
is nothing but the quantum part of the uncertainty as 
defined in |52}| and comes from the total energy uncer¬ 
tainty (AH) 2 on the pure states I'I'ab) in the extended 
Hilbert space Ha 0 Hp,. The quantity is also related to 
the quantum coherence of the state [503. By integrating 
the distance, we get the total distance between the initial 
state |'1 , ab( 0)} and the final state |'T j 4 b(t)) as 

s = J ds =\ \J ~#] 2 U (6) 

where we have considered the Hamiltonian H to be time 
independent and p(0) = p \ . Here, we see that the 
distance between the two pure states on the extended 
Hilbert space can completely be written in terms of the 
state pi and the Hamiltonian H £ S(Ha ), the space of 
all linear operators belongs to the subsystem A and can 
also be interpreted as a distance between the initial state 
pi and the final state p(r) = p 2 ■ Again, we can define 
the total distance in an another way by considering the 
Bargmann angle between the initial state and the final 
state as 

s 0 = 2cos _1 |(T' j 4b(0)|^ab(t))| 

= 2cos _1 Tr (yfpiyfpi) 

= 2 cos -1 A(pi 1 p 2 ), (7) 

where the quantity A(pi,p 2 ) = Tx^yfplyfpf) is also 
known as affinity [73] between the states pi and p 2 . 


3. Quantum speed limits for unitary evolution 


Mandelstam and Tamm in [ 12] showed that the (twice 
of the) total distance between two pure states measured 
by integrating the infinitesimal distance from the initial 
to the final state I© is greater than the distance defined 
by the Bargmann angle between the two states as in ©, 
i.e., 2s > so- The inequality, in particular, in this case 
becomes 


T > 


h cos 1 A(pi 1 p 2 ) 

72 vWi.fff" 


= Ti( P i,H, p 2 ). ( 8 ) 


This shows that the quantum speed is fundamentally 
bounded by the observable measure of quantum coher¬ 
ence or asymmetry of the state detected by the evolu¬ 
tion Hamiltonian. If an initial state evolves to the same 
final state under two different evolution operators, the 
operator, which detects less coherence or asymmetry in 
the state slows down the evolution. As a result, it takes 
more time to evolve. We can clarify this fact with a 
simple example. We consider a system with |+) state. 
If we evolve the system by unitary operators U z = e lrTzt 
and U x = e lr7xt , the system will not evolve under U x 
with time in the projective Hilbert space. This is due to 
the fact that the state of the system is incoherent when 
measured with respect to the evolution operator cr x , i.e., 
[|+)(+|, <j x ) = 0. Therefore, quantum coherence or 
asymmetry of a state with respect to the evolution op¬ 
erator may be considered as a resource to control and 
manipulate the speed of quantum evolutions. Here it is 
important to mention that Brody in [7^1 had also used 
WY skew information previously to modify the quan¬ 
tum Cramer-Rao bound. 

The time bound in Eq. © can easily be generalized 
for time dependent Hamiltonian H (t). 

Corollary. — For a time dependent Hamil¬ 
tonian H(t), the inequality in (© becomes 
— —- A( Pl , P2 ) w f lere y/Q T (p 1: H(t)) = 


- 02 


y/Q x ( Pl ,H(t)) 


7 fo can be regarded as the time 

average of the quantum coherence or quantum part of 
the energy uncertainty. 

One can find other interesting results for time de¬ 
pendant Hamiltonians following other methods given in 

etas. 


4. Experimental proposal 

Estimation of linear and non-linear functions of den¬ 
sity matrices in the interferometry is an important task 
in quantum information theory and quantum mechan¬ 
ics. D. K. L. Oi et al. in 17511 gave the first proposal 
to measure various functions of density matrices in the 
interferometry directly. Later, the method was used in 
0 to measure various overlaps. In |50], a lower bound 
of the quantum fT-coherence, l/2yj— Tr[pi, H] 2 was 
proposed to be measurable using the same procedure. 
But Here, we show that the quantum //-coherenee itself 
can be measured in the interferometry. We also propose 
a method to measure the Affinity A = Tr^yfpiyfp^)- 
For d-dimensional density matrices, Tr(p") can be mea¬ 
sured for n = 1 to d by measuring the average of the 
SWAP operator (Vf which in turn gives all the eigen¬ 
values of the state [75] (see FIG. © also). Using these 
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eigenvalues, we can prepare a state of the form a\ = 


U with arbitrary and unknown unitary U. This 
is due to the fact that although we know the eigenval¬ 
ues of the state pi, we don’t know its eigenbasis. Now, 
we put this state <j\ in one arm and p\ in another arm 
of the interferometric set up as in Fig. (|T||. This mea¬ 
surement in the interferometry gives the average of the 
two particle SWAP operator on these two states, which 
in turn gives the overlap between the two states, i.e., 
Tr(pi ® <7iV) = Tr(pi< 7 i). This quantity we get in the 

measurement is nothing but Tr(picri) = ^ . 


We can calculate the quantity j from the known 

eigenvalues of the state p\. We can prepare the state 
Tr ^L^ from (j i by comparing the calculated and the 
measured results and rotating the polarization axis of 
the prepared state 07 until both the results match. At 
this point, the prepared state 07 and the given state p\ 
becomes diagonal on the same basis (see [ 77 ] for ad¬ 
vantage over state tomography). We use this state and 
similarly prepared another copy of the state to measure 


—Tr[cri,7T ] 2 and the overlap Tr(cri< 72 ) between 07 and 
o 2 = UaiW (U = e lHt ^ h ) using the method given 
in SStzi. The quantity measured in the experi¬ 


ment —Tr[(Ji, H] 2 is nothing but — ’j)l and sim¬ 
ilarly the quantity ^( 07 , 02 ) = ■ The de¬ 

nominator of each of these quantities are known. There¬ 
fore, from these measured values, we can easily calcu¬ 
late the quantum coherence Q(pi,H) and the affinity 
A(pi, p 2 ). This formalism can also be used to measure 
the Uhlmann fidelity in the experiment. 


5. Speed limit under classical mixing and partial 

elimination of states 

We know that the quantum coherence of a state 
Q(p,H) = — iTr[y/p, H] 2 should not increase under 
classical mixing of states. Therefore, a fundamental 
question would be to know how the quantum speed limit 
behaves under classical mixing of states. To answer this 
question, we consider a state pi, which evolves to p 2 
under U = c l,rt - /h . The minimum time required for 
this evolution will be 7I(pi, H, p 2 )- If another state 07 
evolves to 07 under the same unitary, the minimum time 
required similarly be 7I(o7, 77, < 72 ). Now, if a system 
with a state 71 = ppi + (1 — 71)07 (0 < p < 1 ), 
which is nothing but a state from classical mixing of pi 
and a 1 , evolves under the same operator, the final state 
(say 72 ) becomes 72 = UjiU^ = pp 2 + (1 - p)a 2 - 
The minimum time needed for this evolution must be 



Figure 1: This network is an experimental configuration to measure 
Tr(cri(72) and —Tr[cri, H] 2 . a) In both the two lower arms the state 
(Ji is fed. The state cri in the lower arm goes a unitary transformation 
U (t) so that the state changes to (72. An ancilla state | v) is fed on the 
upper arm. First this ancilla state undergoes a controlled Hadamard 
operation (H) followed by a controlled swap operation (V) on the 
system states and on the ancilla. After that a second Hadamard op¬ 
eration takes place on the ancilla state. The detector ( D ) measures 
the probability of getting the ancilla in the same state \v). From this 
probability (P) we can calculate the overlap between the two states by 
Tr(cri(72) = 2P —1. b) In the second case we measure —Tr[cri, H ] 2 . 
We use the same procedure as described above except here the state 
(7 1 in the lower arm goes under infinitesimal unitary transformation 
U(dr). 


71( 71 , 77, 72 ). Now, we can show a nice relation be¬ 
tween these time bounds and quantum coherence as 


u. 


H 


< VpUp 1P 2 + 


£ (7 2 > 


(9) 


where U^ = TiiXirfVQix, H). To prove this in¬ 
equality, we used a trigonometric inequality of the form, 
cos -1 (px + (1 — p)y) < ,Jp cos -1 x+ \J 1 — pcos” 1 y 
for 0 < x < 1 and 0 < y < 1. Quantities of the form 
of Z7^[ 72 here are nothing but the product of the min¬ 
imal time of quantum evolution and the quantum part 
of the uncertainty 11521 78] in the evolution Hamiltonian 
H. The inequality illustrates that the product decreases 
under classical mixing. We already know how quantum 
coherence behaves under classical mixing. This new re¬ 
lation gives an insight to the quantum speed limit and 
shows how it behaves under classical mixing. 

This inequality naturally raises another fundamen¬ 
tal question: How does the quantum speed limit of a 
system behave under discarding part(s) of the system? 
To answer this question we consider a situation that a 
system with a state p a b evolves under the Hamiltonian 
H a b = H a ®Ib+I a ®Hb to <r a b. Corresponding unitary 
operator is given by U a b = U a ® Ub = e lHat Cg> e lHbt . 
Now, if we discard a part of the system b, then the initial 
state of the system becomes p a = Tr bpab- The final state 
of the system is then given by a a = Trh<r a {, = U a p a U\. 
The quantum speed limit before discarding the party 
must be Ti{p a bi H a b 1 <r a b) and that after discarding the 
party is given by Ti(p a , H ai a a )- It can easily be shown 
that 

K^<K: b cr ab - do) 
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To prove it, we use the fact that A(p a ,cr a ) > 
A(p a b , er ab). The inequality gives an insight on how the 
product of the time bound of the evolution and the quan¬ 
tum part of the uncertainty |52, 78] in energy or quan¬ 


tum coherence or asymmetry of the state with respect to 
the evolution operator behaves if a part of the system is 
discarded. 


6. Generalization 

A more tighter and experimentally realizable time 
bound can be derived using this bound. To do that let us 
consider a map $, which maps a state to another state, 
such that <f> : p\ —> (= 01 ) is a quantum state. 

Suppose that the state p\ evolves under a time indepen¬ 
dent Hamiltonian H to a state p 2 after time T. Then, 
if we consider the final state under this map $ to be 
<72 = Tr ^ g (considering the fact that Trpf = Trp“), 
the evolution for o\ to be o 2 is governed by the same 
Hamiltonian H. Therefore, the time bound for the state 
<Ti to reach (j 2 under the Hamiltonian H can be written 
as 

t > Ti{a 1 ,H,a 2 ). (11) 

Now, by mapping the states oq and a 2 back to the orig¬ 
inal states pi and p 2 respectively, we get 

t > maxTi(pi,H,p%), (12) 

a 


where Ti(pi,H,p%) = 




-1 ,Tr(p“ /2 pj /2 ) , 

cos I- -WJT -I 


\/—Tr[Pi 


/2 


-. This 


,H ] 2 


quantity for a = 2, gives not only a tighter bound (than 
© ) but can also be measured in the interferometry |5C| 
|75]. For a = 2, the expression reduces to 


T>Ti(pl,H,p 2 2 ). (13) 


The denominator of the quantity Ti(p 2 , H, p 2 ), 
is the lower bound of the H coherence, i.e., 
y / -iTr[p 1 ,fT] 2 < 1 /—Trfy/pi, H] 2 0. There¬ 
fore, the bound given by Eq. (IT3l) may become tighter 
than that given by Eq. ® depending on the purity of the 
state Tr(p 2 ) and most importantly, can be measured in 
the experiment. This is due to the fact that the relative 
purity 17511761 and the lower bound of the H-coherence 
[50|] both can be measured. 

Our results here can also be generalized for more gen¬ 
eral evolutions, such as dynamical semi-group, quantum 
channel et cetera, (see sec. © for details). 


7. Comparison with existing bounds 


Mandelstam and Tamm’s original bound was gener¬ 
alized for mixed states in various ways. Our bound 
is tighter than that given by the generalization using 
Uhlmann’s fidelity |35j, [79, [§(1 because (AH) Pl > 

> -\/—Tr[y/pi, H\‘ 2 0 a nd F(p u p 2 ) > 

Tr(v^Piv^i) (where F(p, a ) = Tr yj^jpa^fp and Fq 
is the symmetric logarithmic Fisher information as de¬ 
noted by 0). Here, it is important to mention that Tq 
becomes time independent for unitary evolutions under 
time independent Hamiltonians. Therefore, we get 


> Ti(pi 1 H 1 p 2 )> 


h cos 1 F(p 1 ,p 2 ) 


(AH) 


Pi 


> 


4 cos 1 F(p ll p 2 ) 


(14) 


In [|360, relative purity f(t ) = between two 

states pi and p t was considered as a figure of merit to 
distinguish the two states and a quantum speed limit 
of evolution under the action of quantum dynamical 
semi-group was derived. Let us now write the bound 
given in Eq. (8) in 1360, for unitary evolution case as 
t > where N = [cos" 1 (^^|y i )] 2 Tr(p?) and 


D = ^/—Tr[pi,H] 2 . Then the bound Ti(p\, H, p\) 
given in Eq. (IT2l) for a = 2 in our paper becomes . 
One can easily show that r > > 2h ^ > 

due to the fact that ^ < 1. Thus our bound in Eq. 
(fl2T> is tighter than the bound given in |36] for unitary 
evolutions (time independent Hamiltonians). 

In |53], quantum speed limits in terms of visibility 
and the phase shift in the interferometry was derived 
and was shown to be tighter than the existing bounds 
then. It is clear that this new bound in Eq. © or in Eq. 
<03, sometimes may even be tighter than the Mandel¬ 
stam and Tamm kind of bound for mixed states given in 
[51 (see case II in sec. ®). 


8. Example of speed limit for unitary evolution 

We consider a general single qubit state p( 0) = 
1(1 + r.a), such that |r | 2 < 1. Let it evolves un¬ 
der a general unitary operator U, i.e., p(0) —> p(r) = 
U (t) p(0)U\r), where U = e I t( n - cr +“ / ) ; a = W . T and 
the time independent Hamiltonian H = uj(n.a + al) 
(<j= (<Ti, 02 , 03 ) are the Pauli matrices and n is a unit 
vector). This Hamiltonian H becomes positive semi- 
definite for a > 1. Therefore, after evolution the state 
is p(r) = 1(1 + F'.cf), where f f has the elements 
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r- = 2 rii(h.r) sin 2 | + n cos ^ ( i 
this information we get A(p, p{r)) 


1,2,3). Using 
if(r.r') Gl¬ 



and quantum coherence is 


Q(p,H) =u 2 (l-y/rn)\(f xh) | 2 , (15) 


where f = r' = A-, and m = 1 — |r | 2 is a good 
measure of mixedness of the state upto some factor. The 
Eq. ® shows that the maximally coherent states for a 
fixed mixedness lie on the equatorial plane perpendicu¬ 
lar to the direction of the Hamiltonian, under which the 
state is evolving and the more pure are these states the 
more coherent they are & Therefore, the time bound 
for the evolution considering h = 1 = u> is 

cos " 1 (i [( r.r') (1 - vM + (1 + sM\) 

\/ 2 (l - y/m)\r x h\ 


Case I: Consider the initial state p(0) is a maximum 
coherent state with respect to H (such that m = 0 and 
|n x r| = 1). Then the initial state will evolve to the 
final state p(r) = i[/ + ( f'.o )] with the quantum time 
bound of evolution 


T > 


COS-1 ^(1+00^20) 

72 


(17) 


where r.r' = cos 2 a. For a = ■ | the quantum time 
bound is given by r > 

Case II:Consider the initial state p(0) = \{I + (r.<r)], 
such that h x f = -^= = h.f). Then the initial state will 

evolve to the final state p(r) = ^[J + (? .5)\ with the 
quantum time bound of evolution 


r > 


cos 1 (|[(sin 2 | +cos^f)(l - yfm) + (1 + y/m)]) 




For a = 


(18) 

and m = 0 , the quantum time bound is 
given by r > 0.72 considering (h = 1 = w), whereas 
the Mandelstam and Tamm kind of bound given in [580 
would be 0.71. Thus our bound is tighter than that given 
in ll58ll in this case. 

Case III: Consider the example with r = (0, 0, ^), h = 




1 

Vv/2’ 


1 

V3’ 


1 

Ve 


) and f = 


vd 

15 ’ 


For the 


above evolution under the Hamiltonian H we find the 
quantum speed limit r > 0.9 from our bound (fl 6 l) . The 
Mandelstam-Tammkind of bound derived in H58I1 would 
give 1.09. 

Now, the inequality in Eq. (J9]» can also be illustrated 
with this example. We consider pi = ^(1 + t\.<j) and 


0 i = \{I + f 2 .cr), such that |n| = 1 = |r 2 |, f\.n = 
t' 2 -'h = an d t’l-f 2 = 0. The state 71 is such 
that p = Then, under the condition u> = 1 = h, 
U(pi,P 2 ) = 0.43, U(oi,a 2 ) = 0.42 and £(( 71 , 72 ) = 
0.34, which implies the inequality is satisfied. 


9. Quantum speed limit for any general evolution 


The effect of environmental noise is inevitable in 
any information processing device. Hence the study of 
QSFs in the non-unitary realm is in ultimate demand. 
For the first time, Taddei et al.[35[] and Campo et al. 
[36] extended the MT bound for any physical processes. 
Eater in {58], QSF for arbitrary physical processes was 
shown to be related to the visibility of the interference 
pattern. The result of [36] was further improved [82] by 
Zhang et al. to provide a QSF for open systems with 
an initially mixed state. Other recent studies of QSFs 
for open quantum systems were made in f83fl and (84] l. 
Here, in this section, we are also extending our result 
for any general CPTP evolutions and later, compare our 
bound with various other QSFs for a Markovian system. 

Consider a system with a state p q coupled to an en¬ 
vironment with a state y E , such that the total state of 
the system and environment together can be written as 


Po E = Po 


'7 . initially at time t = 0. Suppose that 
the evolution of the total state is governed by a global 
unitary operator Ut = e lHsEt ^ h . The dynamics of the 
system is given by a one-parameter family of dynam¬ 
ical maps pf —> V/ 9 q := e^Po anc * can a l so re P" 
resented by completely positive trace preserving map. 
The Fubini-Study distance under such circumstances 
becomes ds 2 FS = -^Tr [yfp^ <g) 77 W ,H S e} 2 = 


o dt* 

H s = Tr e {H SE I S ® 7^)0. 

limit of the evolution becomes 


Q(Po , H s ), where fjf = Tr E (H 2 SE I S ® j E ) and 

Therefore, the speed 


r > 


h cos 1 A(p§p^) 


2 Q(pf 


(19) 


0 > 


H S ) 


If the typical time scale of the environment is much 
smaller (larger) than that of the system, the system 
dynamics can be considered to be Markovian (non- 
Markovian). Markovian evolutions form a dynamical 
semi-group V. We consider such a map with time inde¬ 
pendent generator C, such that (From here onwards we 
drop the superscript S from the state of the system.) 

^dt =Cpu (20) 
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where the Lindbland C takes the form [85, 8hj, 87] 


n 2 —1 

Cp= + 2 5Z C ij{[ A i’P A j\ + 

i,i=l 

( 21 ) 

Now, a fundamental question will be what is the time 
bound of quantum evolution in such a situation. To an¬ 
swer this question, one should keep in mind that such 
an evolution can be written as a reversible unitary evo¬ 
lution of a state in the extended Hilbert space formed 
by considering an environment with the system. There¬ 
fore, The quantum speed bound should not only depend 
on the coherence of the state of the system but also on 
the coherence of the environment. In other words, the 
bound should depend on the coherence dynamics of the 
system and environment together. One way to get the 
quantum speed limit is to use the bound for unitary evo¬ 
lution as given in Eq. ©. Such a bound will not give 
tight limit. To get a tighter bound one needs to consider 
the infinitesimal distance along the parameter of the dy¬ 
namical map t as given in Eq. ©, where we use the 
fact that = C.yfpt- Because, given ^ = Cp t , 

= C^fpl is always true for positive square-root of 
the density matrix and this can be shown using the same 
lines of approach as given for unitary evolution case. 

We know that any CPTP evolution is equivalent 
to a unitary evolution in the extended Hilbert space. 
Suppose a state p(0) is evolving under a CPTP 
evolution represented by a set of Kraus operators 
{Ai}. Thus, we get p = p(t) = J2i A iP(°) A \ = 
Tr B {U A Bp( 0) <g> |0)s(0|[/| B ) (say), where U ab 
is a unitary operator such that A; = B {i\Uab\A)b- 
Now, similarly as before, we may write, p = wvA = 
Tt b {Uab/pW) ® |0)b(0|C7^ b (7 j 4b V / p(0) ® 

|o)b(o|(/ 1 b ) = e«^Vp(o)^Vp(o)4 

where we have used the trace preserving condition 
Yli A l A i = I. Uniqueness of positive square-root 
yfP implies ^fp = J2i A i\/pWj A l- Thus ’ given 
p = Aip(0)A\, the evolution of the positive 

square-root of the state must be ^fp = JA A, A Jp(Q)A\. 
Any other set of Kraus operators {!£}, such that 
y/p = Bi i/p( 0 )B| may give the same final state 

p from the initial state p(0) but cannot give rise to the 
same kind of evolution of state as p = JA Aip(0)A\. 
Using this equation, the quantum speed limit of the 
system under Markovian evolution reduces to 

_^cos~ 1 A(po,p r ) 

T ^ 

s/Wr 

where y/QA = \ fj v / Q(p t ,C)dt and 2Q(p,C) = 


Tr {{Cy/p){Cy/pp} - |Tr( v / p£ v /p)| 2 . This bound will 
also hold for non-Markovian dynamics B80I1 . 

10. Example of speed limit for Markovian evolution 

Here we study an example for a two level system in a 
squeezed vacuum channel [HiUP 1 ]. Non-unitary part 
of the Lindbladian in Eq. CD consists of these fol¬ 
lowing operators A\ = cr, A 2 = cr and A 3 = 

where a and cA are the raising and lowering operators 
for qubit. These two operators describe the transitions 
between the two levels. With those, we choose Cij as 

(TI\(A~ w eq) ~Ta 0 \ 

c= I T 3 TI\^A JrWe, i) 0 I , 

V 0 0 jr 2t7 / 

(23) 

where T) = T w represent the decay rate of the atomic 
inversion into an equilibrium state w eq . T 2 and T 3 are 
related to T u and T v by + A-) = A- and (A _ 
A-) = A_, where T u and T v are the decay rates of the 
atomic dipole. Here, the damping asymmetry between 
the u and v components is due to the presence of £ 3 . 
We describe the first part of the Lindblad in Eq. (l2ll by 
the Hamiltonian 


H = —(<7 + o-l), (24) 

where i t is the Rabi frequency of the oscillation. There¬ 
fore, here, C describes a two level atom in a laser field 
subjected to an irreversible de-coherence by its envi¬ 
ronment. Let the initial state of the atom is given by 
po = r?(I + r ■ a), where r = (n, r 2 ,r 3 ). We can write 
it in the damping basis as 

Po = Tr{Lipo}Ri, (25) 

i 

where Li and II, are the left and right eigen-operator re¬ 
spectively with the eigenvalue A,. The state after certain 
time t, can be written as 

Pt = e Ct p = ^2jr{L i p 0 }A i R i = y^Tv{R i p 0 }A i L i , 

i i 

(26) 

where A,(f) = e Xit . The left eigen-operators for this 
system are L 0 = -j=1, £1 = -^(er t + cr), L 2 = 
Aj(o4 - cr) and £3 = -A(-w eq I + cr 3 ). Similarly 
the right eigen-operators are R 0 = = (/ + w eq a 3 ), 

R\ = ^(crl +cr), R 2 = 7 f(o'-o' t ) and i ? 3 = A=a 3 . 
The corresponding eigenvalues of these operators are 
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Figure 2: The bounds 77 given in Eq. <271 (Hue coloured, solid line) 
and in f36ll (Orange coloured, dashed line) have been plotted for Ai = 
—0.9 with the actual time of evolution r. As seen from the plot, for 
larger time of interaction, our bound is better than that given in f36ll . 


Ao = 0, Al = — ijTJ = — (yr + Tyr-), A 2 = — = 

— (yr- — tjt) and A 3 = — 7jr = Let us denote 

£± = 1 ± sjm. The affinity between the initial and the 
final states for such evolution is given by 


MPo,Pt) 


£+ - r 3 w eq (A 3 (t ) - l) + 



+ r 2^2 (t) + A 3 (t)r 3 ^j 


and the quantum coherence at time t 

2 Q(pt,L) = ——- £-(r \AfAf + r|A|A|^ + 


2|r 

i~r 3 - w eq \r\ 


A§A§ 


l _ 


(\ir\Al + A 2 r|A^ + A 3 { V^+ 

\J £+CU e q(l A3)^ (r 3 A 3 U) eq T P+t-^eq 

(1-A S ))} 


where m = 1 — |r| 2 . For a simple example, we assume 
the Lindbladian to be such that A 3 = 0 and the initial 
state to be such that r 2 = 0 = r 3 , r\ = 1 and A[ = e XlT 
(say). Therefore, the evolution time bound in this case 
is given by 


> 


2tcos 


-1 rl+AIi 


[AT 


sin 


1 A 1 • u/x \ 

1 ~ —sinh(Air)+ 

-i(AL) - (i + —) 

l v / 2 j l 2 + 4 ’ 


= Tu 


(27) 


where the quantity in the denominator \J2Q r = 
^r sinh (Ai'r)+sin^ 1 (A|)-(A + ^)] is 
nothing but the time average quantum coherence of the 
state with respect to the evolution operators. In Fig. ([2}, 
we have plotted bounds 71 given in Eq. ( l27l > and in 13611 
(see Eq. (9)). As the actual evolution time r increases, 
the bound given in Eq. (f27l) becomes better and better. 


11. Conclusion 


Both, the quantum speed limit and the coherence or 
asymmetry of a system have been the subjects of great 
interests. Quantum mechanics limits the speed of evo¬ 
lution, which has adverse effects on the speed of quan¬ 
tum computation and quantum communication proto¬ 
cols. On the other hand, coherence or asymmetry has 
been projected as a resource in quantum information 
theory. In this paper, we define a new role for it as a 
resource and show that it can be used to control and ma¬ 
nipulate the speed of quantum evolution. 

A fundamental question is to know how the quantum 
speed limit behaves under classical mixing and partial 
elimination of state(s). Answer to this question may 
help us to choose the state and the evolution operator 
intelligently for faster evolution. In this paper, we tried 
to answer this question for the first time. Our bounds 
presented here can also be generalized for CPTP evolu¬ 
tions or Markovian processes as well as non-Markovian 
processes HS. 

In a recent paper |^3l, a protocol was proposed to 
measure a lower bound of skew information, given by 
— 2-Tr[p, iT] 2 , experimentally and was argued for, why 
skew information itself cannot be measured. Not only 
the skew-information but it was a general consensus that 
the quantum affinity A (.,.) appears on the numerator of 
Ti (.,.,.) also cannot be measured. Here, we show for 
the first time that both the quantities can indeed be mea¬ 
sured (and the formalism can also be used to measure 
Uhlmann fidelity) in the experiment by recasting them 
to some other measurable quantities of another properly 
mapped states. This provides us scopes to apply our 
theory in a wide range of issues in quantum information 
theory including quantum metrology, Unruh effect de¬ 
tection, quantum thermodynamics etc. Recently, a num¬ 
ber of methods using geometric and Anandan-Aharonov 
phases have been proposed to detect Unruh effects in 
analogue gravity models S 15:, S3 m. The main 
issue in such experiments and in general in quantum 
metrology is to detect a very small fluctuation in some 
quantity. A potential quantity must be sensitive towards 
such fluctuation as well as experimentally measurable. 
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By uncovering such a potential quantity 7.), a for¬ 
malism to measure Uhlmann fidelity and defining a new 
role for quantum coherence or asymmetry as a resource, 
we believe, the present work opens up a wide range of 
scopes in these directions. 

Note^After submitting this work, we noticed another 
work 19JJ] recently on QSL based on quantum Fisher 
information. Their work is based on [67] and one of 
their results resembles our bound for unitary evolutions. 
For non-unitary evolutions, however, their work is based 
on the generalization of Quantum Fisher information or 
Wigner-Yanase skew information. Whereas, our bound 
is based on the generalization of the Fubini-Study met¬ 


ric for mixed states motivated by [65]. Very recently, 
another preprint on the arXiv l[92 :]. has also appeared 
on the issues of QSL, coherence and asymmetry. They 
claimed that coherence is a subset of asymmetry. Their 
claim does not contradict our work. 
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